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Abstract
Van Lint and MacWilliams (IEEE Trans. Inform. Theory IT 24 (1978) 730{737) conjectured
that the only q-subset X of GF(q2), with the properties 0; 1 2 X and x − y is a square for
all x; y 2 X , is the set GF(q). Aart Blokhuis (Indag. Math. 46 (1984) 369{372) proved the
conjecture for arbitrary odd q. In this paper we give a similar characterization of GF(q) in
GF(q2), proving the analogue of Blokhuis’ theorem for dth powers (instead of squares), when
dj(q + 1). We also prove an embedding-type result, stating that if jSj>q − (1− 1=d)pq with
the same properties as X above, then S GF(q). c© 1999 Published by Elsevier Science B.V.
All rights reserved.
1. Introduction
In [11] van Lint and MacWilliams conjectured (and proved for q=p) that the only
q-subset X of GF(q2), with the properties 0; 1 2 X and x − y is a square for all
x; y 2 X , is the set GF(q).
As usual, let’s identify GF(q2) and AG(2; q). The points at innity correspond to
(q + 1)st roots of unity, and two points A; B span a line with direction C, if for the
corresponding elements of GF(q2), denoted by the same letter, (a− b)q−1 = c holds.
This way GF(q) corresponds to the line through the origin, with slope 1, and all the
other lines through the origin are of the form fai: i 2 GF(q)g for some a 2 GF(q2).
Now the set X of van Lint and MacWilliams, considered as a set of points in
AG(2; q)GF(q2), determine at most (q+ 1)=2 directions. So for q a prime the con-
jecture is a consequence of a theorem of Redei (cf. [7], p. 237 Satz 24’ and [11]).
This case was also proved in an elementary way by Lovasz and Schrijver [6]. Then
in [1] Aart Blokhuis proved the conjecture for arbitrary odd q. Another version of the
proof can be found in Bruen{Fisher [4].
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In this paper we generalize this result for higher (dth) powers (instead of squares):
Theorem 1.1. If dj(q + 1); then in GF(q2) the only q-subsets with the property that
the dierence of any two elements is always a dth power; are certain lines of GF(q2);
considered as the ane plane AG(2; q).
Remark. After a suitable ane transformation we can suppose that 0; 1 2 X . Then
Theorem 1.1 states that X =GF(q)GF(q2).
Remark. Note that if g.c.d.(d; q2−1)=1, then every element is a dth power in GF(q2).
If this is not the case and d A (q+ 1), then GF(q) is not such a set.
Remark. Note also that this theorem can be reformulated in the language of generalized
Paley graphs. (The generalized Paley graph Pq2 ; d has GF(q2) as the vertex set, and two
vertices x 6= y are connected with an edge if x − y is a dth power in GF(q2).) Now
we have:
Theorem 1.2. In the generalized Paley graph Pq2 ; d the largest possible clique is of
size q; and the clique of size q containing 0; 1 2 GF(q2) consists of the vertices in
GF(q).
Remark. The recent deep result of Blokhuis et al. [3] may be used as an alternative
way to prove Theorem 1.1 above. This alternative way does not seem to be trivial or
straightforward however.
Remark. A natural question is, however, to describe the other lines of AG(2; q). In
Section 2, during the proof of Theorem 1.1 this description is given as well. Lines
are maximal subsets of size q with respect to the property, that the dierence of any
pair of points in it is contained in a xed coset of the dth powers (which constitute a
multiplicative subgroup of index d in GF(q2)).
In the second part of this paper we prove an extendability result. In nite geometry
results of this type are very important. They, combined with estimates about the size of
a given structure, can be formulated saying that in a class containing extremal ones of
a given (sub-)structure (maximal arcs, minimal blocking sets, here maximal sets with
dth power dierences, etc.) there are certain ‘gaps’ in the range of the possible sizes.
As an example we cite a theorem of Segre.
Bose proved that an arc can have at most q + 1 or q + 2 points according as q is
odd or even. Then Segre proved that if the size of an arc is ‘close’ to it (it is larger
than q − pq=4 + 7=4 if q is odd, and larger than q − pq + 1 if q is even), then it
is contained in an arc of maximum cardinality. (For recent improvements on these
bounds see e.g. [12].) Here we have a very similar situation as the following statement
shows.
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Theorem 1.3. Let d be a given integer; 1<d; dj(q + 1); and S GF(q2) such that
0; 1 2 S and jSj = q − ; where < (1 − 1=d)pq. Suppose that S has the property
that the dierence of any two elements in it is always a dth power in GF(q2). Then
S GF(q)GF(q2).
2. Proof of Theorem 1.1
We will essentially follow the ideas of [1,8].
First note that a − b = cd if and only if (a − b)(q2−1)=d = 1 if and only if
((a−b)q−1)(q+1)=d=1. It means that (a−b) is a dth power if and only if after the identi-
cation of GF(q2) and AG(2; q) the slope of the line spanned by them is a dth power.
Note that if d>
p
q, then the number of directions determined by the set is less thanp
q, so the theorem follows from Redei’s result in [7].
It is enough to prove the statement for prime d-s, as d1jd implies that all the dth
powers are d1th powers as well. So from now on we assume that 2<d<q+ 1 is a
prime number, d=2 can be found in [1], the case d=q+1 is easy (all the dierences
should be in GF(q)).
Let ! be a primitive element of GF(q2) and let  :=!(q
2−1)=d, a ‘primitive dth root
of unity’. Note that we have the freedom to choose ! such that we gain our favourite
primitive dth root of unity, this property will be used at the end of the proof. Put
GF(q2)=D0 [D1 [    [Dd−1, where Di := f!dk+i j k=0; 1; : : :g, so D0 is just the set
of dth powers. The corresponding partition of the ane lines is L0 [ L1 [    [ Ld−1
(i.e. the slope of any line in Li is in Di). On a line of Lj, not through the origin, there
are (q+ 1− d)=d points from Dj and (q+ 1)=d points from each Di; i 6= j. Note that
GF(q)D0.
We call X GF(q2) a special set, if jX j = q, and all the dierences x1 − x2 are in
D0. Note that then X + a; (a 2 GF(q2)) and bX; (b 2 D0) are special sets, too. So we
may assume w.l.o.g. that 0 2 X . Then let X0 =X nf0g, hence X0D0. For the sake of
completeness, we reproduce:
Lemma 2.1 (Blokhuis [1]). X is a line if and only if
f(t) :=
Y
x2X0
(t − x) = tq−1 +
Y
x2X0
x:
Proof. ): If X is a line then it is a rotate of the ‘canonical’ one, so it has the form
X = fia: i 2 GF(q)g, andY
i2GF(q)
(t − ia) = tq−1 − 1 = tq−1 +
Y
i2GF(q)
ia:
(:
xq−11 = x
q−1
2 for all x1; x2 2 X0:
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So the line through the origin and x1 determines the same direction as the line through
the origin and x2.
As
Y
x2X0
(t − x) =
q−1X
k=0
(−1)kk(X0)tq−1−k ;
where k denotes the kth elementary symmetric polynomial, we have to prove that
k(X0) = 0 for k = 1; 2; : : : ; q − 2: The rest of this section contains the proof of these
equalities.
Similarly to [1], call a set A extra-special, if AD1; jAj=(q+1)=d and a1−a2 2 D0
for all a1; a2 2 A.
Lemma 2.2. If A is extra-special then AX0 = D1.
Proof. AX0D1, for their sizes we have
q+ 1
d
(q− 1) = q
2 − 1
d
= jD1j
and the products are pairwise dierent: a1x1 = a2x2 implies (a1 − a2)x1 = a2(x2 − x1),
where the left-hand side is from D0, the right-hand side is from D1, a contradiction
unless a1 = a2 and x1 = x2.
Lemma 2.3. Dene fa(t) :=
Q
x2X0 (t − ax); then
Q
a2A fa(t) = t
(q2−1)=d − .
Proof.Y
a2A
x2X0
(t − ax) =
Y
n2D1
(t − n) = !(q2−1)=d
Y
n=!2D0
(t=!− n=!) = t(q2−1)=d − :
Now we are ready for the crucial:
Proposition 2.4. k(X0) = 0 for 16k6q− 2.
Proof. Suppose it is not true, then let 16m6q − 2 be the smallest integer such that
m(X0) 6= 0. Then
fa(t) = tq−1 + (−1)mamm(X0)tq−m−1 + terms of lower degree:
Hence
t(q
2−1)=d − =
Y
a2A
fa(t)
= t(q
2−1)=d + (−1)m
 X
a2A
am
!
m(X0)t(q
2−1)=d−m
+ terms of lower degree:
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So
P
a2A a
m = 0 for each extra-special sets A. Note that if A is extra-special then
also !2A(−1) and !2A(q) are extra-special, so
P
a2A a
qm = 0 and
P
a2A a
−qm = 0. As
a(q
2−1)=d =  if a 2 A, we haveX
a2A
ak(q
2−1)=d−qm = 0
for any k.
Let t 2GF(q2)nGF(q) and from now on let A be of the form A := ft + i j
i 2 GF(q); t + i 2 D1g, i.e. a subset of a translate of the line GF(q).
Step r: Suppose (r − 1=d)(q + 1)6m6 rd (q + 1) − 1 (and 16m), where
16r6d− 1.
0 = d
X
i2GF(q)
t+i2D1
(t + i)(r=d)(q
2−1)−qm
=
X
i2GF(q)
(t + i)(r=d)(q
2−1)−qm + d−1
X
i2GF(q)
(t + i)[(r+1)=d](q
2−1)−qm
+ d−2
X
i2GF(q)
(t + i)(r+2)=d(q
2−1)−qm +   
+
X
i2GF(q)
(t + i)(r+d−1)=d(q
2−1)−qm=:F(t):
(Because if t + i 2 Dk; then the coecient of (t + i)r=d(q2−1)−qm in the lth sum (l =
0; 1; : : : ; d− 1) is d−l+kl; so in F(t) it is
d−1X
l=0
d+(k−1)l
in total, which is zero unless k = 1).
Lemma 2.5. F(t) is a polynomial in t of degree 6q2 − q− qm.
Proof. In the sth sum (s= r; r + 1; : : : ; r + d− 1) the coecient of t(s=d)(q2−1)−qm−j is s
d (q
2 − 1)− qm
j
 X
i2GF(q)
i j
and
P
i2GF(q) i
j is non-zero (= − 1 in fact) if and only if j = k(q − 1). Then the
binomial coecient becomes 
( sq−2d+sd − m)q+ (2d−s)q−sd
(k − 1)q+ (q− k)
!
:
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Using Lucas’ theorem if it is non-zero then q− k6((2d− s)q− s)=d; so ((s−d)q+
s)=d6k; hence the exponent is (s=d)(q2 − 1) − qm − k(q − 1)6q2 − q − qm as we
stated. (If ((2d− s)q− s)=d>q; i.e. s<d; then k is even bigger.)
Note that we have equality if and only if k = ((s− d)q+ s)=d and s>d.
So F(t) is a polynomial in t of degree 6q2 − q − qm<q2 − q; it is zero for
all t 2 GF(q2)nGF(q), so it is identically zero. Let’s examine now the coecient of
tq
2−q−qm, it is
r+d−1X
s=d
d+r−s
 
s
d (q+ 1)− 2− m
s−d
d (q+ 1)
!
= 
r−1X
t=0
t
 
(r − 1− t) q+1d + q− 1− m
q− 1− m
!
= : g():
Here g is a ‘xed’ monic polynomial in GF(p)[x] of degree r − 1 (so it is not
identically zero), and it is independent from the choice of . (Recall the remark at the
beginning of the proof about the choice of .) There are two possibilities:
(1) There exists a primitive dth root of unity  such that g() 6= 0. Then we
can use this  in the whole proof and we get a contradiction as F(t) is identically
zero.
(2) g vanishes in all the primitive dth roots of unity, but deg(g) = r − 1<d − 1,
contradiction.
Finally, we need a
Last Step: Suppose q+ 1− (q+ 1)=d6m6q− 2.
Now note that
q−1−m(X0) =
 Y
x2X0
x
!
m(X
(−1)
0 ) = 0
if 16m6q− (q+ 1)=d.
3. Embeddability
Before proving Theorem 1.3, rst we sketch the proof of a variant (a slight gener-
alization) of the main result of Szonyi [9]. Let D be a set of directions in AG(2; q). A
set U AG(2; q) is called a D-set if U determines precisely the directions belonging
to D.
Theorem 3.1. Let U be a D-set of AG(2; q) consisting of q−n points; where n6pq
and jDj< (q + 1)(1 − ); 1=2661. Then U is incomplete; i.e. it can be extended
to a D-set Y with jY j= q.
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For the proof we need a variant of a lemma in Szonyi’s paper:
Lemma 3.2. Let Cn (26n6(q+1)=2) be a curve of order n dened over GF(q); and
denote by N the number of its points in PG(2; q). Choose a constant 126. Moreover;
suppose that Cn does not contain a linear component dened over GF(q) and n6
p
q.
Then N6n(q+ 1).
Proof of Lemma 3.2. Suppose rst that Cn is absolutely irreducible. Then Weil’s
theorem [13,5] gives N6q+ 1 + (n− 1)(n− 2)pq6n(q+ 1).
If Cn is not absolutely irreducible then it can be written as Cn=Di1[  [Dis , where
Dij is an absolutely irreducible component of order ij, so
Ps
j=1 ij = n. If Dij cannot
be dened over GF(q), then it has at most Nij6(ij)
26ij(q + 1) points in PG(2; q)
(see [5], Lemma 10:1:1). If Dij is dened over GF(q), then the rst part of the proof
shows that Nij6ij(q+ 1). Hence,
N6
sX
j=1
Nij6
sX
j=1
ij(q+ 1)= n(q+ 1):
Proof of Theorem 3.1. Let U = f(ai; bi): i = 1; : : : ; q − ng, suppose (1) 2 D. Dene
the Redei polynomial (see [2] or [10]) of U as
H (X; Y ) =
q−nY
i=1
(X + aiY − bi) =
q−nX
j=0
hj(Y )X q−n−j:
Then deg(hj)6j. Let Hy(X ) =H (X; y), then Hyj(X q − X ) if and only if the elements
in Ay=f−aiy+bi: i=1; : : : ; q−ng are pairwise distinct, that is, when (y) 62 D. In this
case let j = j(Ay) be the jth elementary symmetric polynomial of the elements in
Ay, and j = 

j (Ay) = j(GF(q)nAy) be the jth elementary symmetric polynomial of
the remaining elements. Note that j = (−1)jhj, and by induction, using the recursive
formula
j =−j −
j−1X
k=1
kj−k ;
it can be proved that deg(j )6j as well. Dene the polynomial f(X; Y )=x
n−1X n−1+
2X
n−2 − +    + (−1)nn. Here f is of total degree n and if (y0) 62 D, then
H (X; y0)=f(X; y0) = X q − X . For such y0-s, we have
f(X; y0) =
Y
2GF(q)nAy0
(X − )
so the curve F dened by f(X; Y ) = 0 has precisely n distinct simple points (x; y0).
So F has at least
N>(q+ 1− jDj)n> (q+ 1)n
simple points in PG(2; q).
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Now, using Lemma 3.2 with the same , we have that F has a linear component
X + aY − b over GF(q). Then −ay + b 62 Ay if (y) 62 D. Let U  = U [ f(a; b)g,
then H(X; y) = H (X; y)(X + ay − b) divides X q − X for all (y) 62 D, as X q − X =
H (X; y)f(X; y) and (X+aY−b))jf(X; Y ). Hence U  does not determine any directions
in D, so U  is also a D-set. Repeating this procedure we end up with a D-set consisting
of q points.
Now we are ready for the
Proof of Theorem 1.3. In our case the number of directions determined by S is at most
jDj6(q+1)=d (so =1− 1=d). Now Theorem 3.1 gives that if jSj>q− (1− 1=d)pq;
then S can be extended to a D-set of size q. But, as we have seen it, the fact that the
dierence of two elements in GF(q2) is a dth power, depends only on the direction
they determine in AG(2; q) using this representation.
Remark. If q = p a prime, we can use the Stohr{Voloch estimate instead of Weil.
In a similar way as above, we get a ‘gap’ of size cp for some constant c, instead
of c
p
q.
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